Subsidiary absorption butterfly curves of spin-wave instability threshold versus static in-plane field have been obtained for yttrium iron garnet (YIG) thin films at 3 GHz. The butterfly curves have been found to be rather anomalous, typically displaying a pronounced dip and a very low minimum threshold. These anomalous features are attributed to the overlap of the subsidiary absorption field region with ferromagnetic resonance (FMR). First-order instability theory was extended to include the uniform mode response near FMR. The extended theory yields good fits to the data for reasonable values of the YIG FMR linewidths. The theoretical analysis also shows a predicted flip in the azimuthal propagation angle #k for the unstable spin waves in the region of FMR overlap. With increasing field, there are predicted discontinuous changes in $k from 90" to 0" and back to 90" in the region of FMR.
I. INTRODUCTION
A combination of microwave and Brillouin light scattering (BLS) techniques has been used recently to study spin-wave instability processes in yttrium iron garnet (YIG) films.'V2 The microwave measurements yield socalled butterfly curves of the spin-wave instability threshold hcrit versus static field H. The BLS technique allows for the identification of the specific spin-wave modes that become unstable. The initial work was done at 8-10 GHz. The correlation with theory was good, with two notable exceptions. First, the data showed no evidence for a predicted flip in the azimuthal spin-wave propagation angle $k for the unstable spin waves. Second, the measured magnon wave numbers at high fields were inconsistent with the theoretical values. The experiments were extended to low microwave frequencies with the intention of making direct observations of the predicted flips in the azimuthal spinwave angle 4x for the unstable modes. However, the main effect of using lower frequencies was to produce anomalous butterfly curves with very low minimum thresholds and pronounced dips.
The focus of this work is on the measurement and understanding of these "anomalies." The anomalies have now been attributed to the overlap of ferromagnetic resonance (FMR) at the pump frequency wP and subsidiary absorption for the unstable o/2 spin waves. Damping of the uniform mode at FMR has been included in the analysis and the first-order instability theory has been extended to include FMR overlap. The extended theory agrees with the data for reasonable YIG linewidth values. The analysis also reveals a new prediction of a flip in the azimuthal angle dI, in the region of FMR overlap.
II. EXPERIMENT
The sample used for the measurements reported here was a 9.8~pm-thick yttrium-iron-garnet (YIG) film on a gadolinium-gallium-garnet substrate. The static field H and linearly polarized microwave field ho were both applied in the film plane, but orthogonal to each other as shown in Fig. 1 . Figure 1 also shows the pertinent spin-wave wave vector k. The angles ok and 4k are the polar and azimuthal propagation angles for wave vector k, respectively. A butterfly curve for subsidiary absorption with no FMR overlap is shown in Fig. 2 for a pump frequency of 8.5 GHz. The solid circles represent the experimental results and the curve represents a theoretical fit to the data, based on the first-order theory with no special treatment of FMR.3 The fit is good and represents the typical high-frequency situation. In this range, first-order instability theory3*4 is consistent with experimental observations with the two exceptions noted in the Introduction.
The work reported here focuses on the same basic experiment, but at lower microwave frequencies. A stripline transducer was used to generate the microwave pump field at 3 GHz. Figure 3 shows a typical butterfly curve for the YIG film. Note that the vertical axis in Fig. 3 shows only relative threshold value ~crit. It was not practical to obtain an accurate calibration of the absolute microwave field amplitude versus stripline power. The experimental data show a pronounced dip in the minimum threshold region. This dip is very different from the relatively flat minimum threshold region in Fig. 2 . A theoretical curve calculated from the first-order theory of Refs. 3 and 4 is also shown. The scaling for the theory is the same as for the curves in Figs. 4 and 5, and will be discussed shortly. The main point of comparison here is that the theoretical curve has a very sharp dip which goes to zero at the butterfly curve minimum. The pronounced dip in the threshold field data and the zero-threshold value from the theory are attributed to FMR overlap. The narrow linewidth for YIG, with a corresponding sharp FMR profile, produces the experimentally observed dip. The zero-threshold limit in the theory is due to neglect of damping. For zero damping, the uniform mode response diverges at FMR, thereby pushing the instability threshold to zero.
As indicated above, the source of these anomalies is FMR overlap. For FMR in YIG with the static field inplane, resonance occurs at approximately 40 kA/m (500 Oe) for a pump frequency of 3 GHz, precisely at the position of the dip in Fig. 3 . At 8.5 GHz, FMR occurs well above the field range for subsidiary absorption, there are no FMR effects, and the butterfIy curve minimum is smooth and flat, as in Fig. 2 . A proper treatment of the uniform mode response, which includes damping, is needed in order to fit the theory to experimental data for cases in which FMR overlap occurs. Such a treatment and the corresponding extension of the first-order theory which includes FMR overlap is summarized below.
Ill. THEORY
The basic first-order spin-wave instability theory was first developed by Suhl' and SchlGmann. absorption, the uniform mode at a pump frequency wP couples to the spin-wave modes at wk = w/2. At a critical power and corresponding microwave field amplitude h,, the power into the spin wave modes at (k, 6k, #k) equals the rate of decay out of the modes. The observed instability threshold herit corresponds to the minimum possible h, value among all available modes at ok = o/2. Experimentally, one observes an abrupt increase in loss when the microwave field exceeds hctit; hcrit is termed the instability threshold.
The uniform mode plays a key role in subsidiary absorption. The usual situation at 8.5 GHz is such that FMR 2 485 488 sta$ Fi;\t (0:9), 500 p 31 occurs at fields well above the subsidiary absorption field region. In such cases, it is necessary to consider the uniform mode response only for the low-field tail of the FMR absorption. In this region, the mode response is largely insensitive to damping or linewidth considerations, and such damping may safely be neglected in the theoretical analysis. This is usually the case for subsidiary absorption in ferrites at moderately high microwave frequencies. The theory in Ref. 3 was for this situation. However, as pointed out in Refs. 5 and 6, for certain sample shapes and pump frequencies, it is possible for the FMR peak to move into the field region for subsidiary absorption. Technically, this means that the subsidiary absorption is no longer "subsidiary" but rather overlaps with FMR. In any case, a proper theoretical treatment requires the inclusion of damping in the uniform response. This calculation was made in Refs. 5 and 6, but only for specific sample geometries and only at FMR. The complex uniform precession response a0 may be expressed in terms of the Larmor and anti-Larmor contributions, a~= (yhd2) [qL exp(iw,t) + qA exp( -i+) I, (1) where y is the gyromagnetic ratio, ho is the amplitude of the microwave field, and qL,A denote the complex Larmor and anti-Larmor precession responses, respectively. The specific qL,A expressions in Ref. 3 include no damping terms and are valid at fields far from FMR. Damping may be taken into account in a straightforward manner by allowing the FMR frequency to be complex.' The conventional FMR frequency can be expressed as
I where X and Y are stiffness frequencies given by X=yW + &ax) and
Y=y(H+ B.$y).
Here, H is the static internal field, B, is the saturation induction, and NX,v are transverse demagnetization factors for a general ellipsoidal sample. The range of NX,, is given by 0 < NXs < 1 in SI units The complex FMR frequency is expressed as f-&es = %es + 409 (5) where rlo is taken as the uniform mode relaxation rate. The two corresponding stiffness frequencies must also be taken to be complex, according to
where IO is obtained from self-consistency:
These substitutions lead to modified expressions for qL,A which include the effect of damping. The substitutions need only be carried through for terms that have significant effects on the response. When this is done, the modified qL and qA functions become 
where w,, is equal to yB, and AHk is the spin-wave linewidth. The coupling parameter W is given by 
where the functionf(ek) is f( 6,) = [ (w', sin4 ok + 0$) 1'2 -w, sin2 e,] /2.
In Eqs. ( 10) and ( 1 1 ), 0k and $k are the polar and azimuthal propagation angles for the spin wave. Note that the above expressions are based on the condition wk = w/2. The available (k, ok, 4x.) modes are constrained by the spin-wave dispersion,
where Iz = ] k I. The function f( 0,) in Eq. ( 11) is actually the solution of Eq. (12) for y(H + Dk2) as a function of 6,, where D is the usual exchange stiffness field.
The experimentally observed hcrit threshold should correspond to the minimum value of h, with respect to 0k and 4ti It is important to realize that the spin-wave linewidth AHk is also a function of k and 6k The expression used here for the spin-wave linewidth is 
and Ao, A,, B,, and B2 are used as fitting parameters. Equation (13a) has a theoretical basis, but is also somewhat empirical.4 Subject to the constraints on the available spinwave states at wk = w/2 for any particular static field, sample field, shape, and orientation, the observed threshold hcrit will be the h, for the particular (k, 6k, $$k) combination which minimizes hHk/ ] WI. It is important to note that the calculation of the minimum threshold field leads to very specific 6k, +k, and k values for the parametric spin waves which are driven unstable just above h,,it.
For the pumping configuration shown in Fig. 1 , S,, a,,, Nr and a, are zero and a, and NY are equal to unity. For subsidiary absorption and main resonance overlap to occur, the FMR field for resonance at wp must be below the field at which the bottom of the spin-wave band coincides with wd2. For the thin films with in-plane fields, this condition reduces to a T6-l . iii . an undetermined scale factor. The fit is good above H = 32 kA/m (400 Oe). These results show that ( 1) the "anomalous" dip in the data is due to FMR overlap, and (2) the zero minimum threshold in the theory is removed when damping is included in the analysis.
For YIG films, subsidiary absorption and FMR overlap occurs for a pump frequency below 3.28 GHz. Specific results based on the extended first-order theory are presented in the next section. Figure 4 shows the effect of uniform mode damping on the theoretical butterfly curve in the region of the dip evident in Fig. 3 . Curves of the relative theoretical &,+ as a function of static field H are shown for a pump frequency of 3 GHz and selected values of the YIG FMR half-power linewidth AH. Linewidth and relaxation are connected by the relation AH = 27~~~. As is evident from Fig. 4 , the dip becomes wider and the minimum hcrit value increases as AH is increased. This behavior is the quantitative effect of the decrease in the uniform mode response with increasing damping. As seen from these results, the shape of the experimental dip can be modeled reasonably well by including damping in the theory.
IV. ANALYSIS AND DISCUSSION
As noted in the previous section, the theoretical value of hcrit is obtained by a minimization procedure over the available spin waves at w k = wd2. This procedure leads to specific values for 6k, 4k, and k for the minimum threshold unstable mode. The analysis that yields the theoretical curves in Figs. 4 and 5 also yields an interesting result with regard to $p", the azimuthal angle of the minimum threshold mode. This result is indicated schematically in the upper portion of Fig. 4 , which shows the theoretical dependence of #iti' on static field in the dip region. At fields below the dip region, the minimum threshold occurs for 4rit = 90". In the dip region and over a range of static field on the order of AH, 4:" flips to 0". As H is increased further, $pt flips back to 90". With reference to the YIG film spin-wave geometry in Fig. 1 , it is clear that this 4k flip is significant. The spin-wave propagation wave vector k is out-of-plane outside the dip region and flips in-plane around FMR overlap. It should be possible to observe this +k flip directly by BLS techniques.
